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Abstract. Let X be an Abelian surface and C a holomorphic curve in X 
representing a primitive homology class. The space of genus g curves in the 
class of C is g dimensional. We count the number of such curves that pass 
through g generic points and we also count the number of curves in the fixed 
linear system \C\ passing through g — 2 generic points. These two numbers, 
(defined appropriately) only depend on n and g where n = + 1 — g and 
not on the particular X or C (n is the number of nodes when a curve is nodal 
and reduced). 

Gottsche conjectured that certain quasi-modular forms are the generating 
functions for the number of curves in a fixed linear system ji| . Our theorem 
proves his formulas and shows that (a different) modular form also arises in the 
problem of counting curves without fixing a linear system. We use techniques 
that were developed in |lj for similar questions on K3 surfaces. The techniques 
include Gromov-Witten invariants for families and a degeneration to an elliptic 
fibration. One new feature of the Abelian surface case is the presence of non- 
trivial Pic°(X). We show that for any surface S the cycle in the moduli space 
of stable maps defined by requiring that the image of the map lies in a fixed 
linear system is homologous to the cycle defined by requiring the image of the 
map meets b\ generic loops in S representing the generators of Hi(S; Z)/ Tor. 
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Curves on Abclian surfaces 



1. Introduction 

Let X be an Abelian surface and let C be a holomorphic curve in X representing 
a primitive homology class. For n and g satisfying C ■ C = 2g — 2 + 2n, there is a g 
dimensional space of curves of genus g in the class of C. To define an enumerative 
problem, one must impose g constraints on the curves. There are two natural ways 
to do this. One way is to count the number of curves passing through g generic 
points which we denote N g>n (X,C). The second way is to count the number of 
curves in the fixed linear system |C| passing through g — 2 generic points which we 
denote Ng ^ s (X, C). We define (modified) Gromov-Witten invariants that compute 
the numbers N g ^ n (X, C) and N g ^ s (X, C) and we prove that they do not depend on 
X or C but are universal numbers henceforth denoted N gt7l and N^ s . Our main 
theorem computes these numbers as the Fourier coefficients of quasi- modular forms. 
Note that X does not contain any genus curves so implicitly g > throughout. 

Theorem 1.1 (Main theorem). The universal numbers N g ^ s and N Btn are given 
by the following generating functions: 

oo 

E^W^ 1 = g(DG 2 y-\ 

n=0 



n=0 



FLS q n+g-l = )ff-2 £,2^ 



= (g-iy'DdDG^- 1 ) 
where D is the operator q4- and G2 is the Eisenstein series, i.e. 



24 

k=l d\k 



Note that the right hand sides are quasi-modular forms (quasi-modular forms 
are an algebra generated by modular forms, G2, and D, c.f. |p) and the left hand 

2~ 



sides are reminiscent of theta series since the power of q is Of- = n + g — 1 . 



The formula for N g ^ s in Theorem 1.1 was first conjectured by Lothar Gottsche 
|U who proved the genus 2 case (see also Q). More generally, Gottsche gave 
conjectural generating functions for the number of curves with n nodes in any n- 
dimensional sublinear system of |C| for any sufficiently ample divisor C on any 
surface S. His formulas involve only C2(S) , C ■ C, C ■ K, K ■ K and universal 
functions (K is the canonical class) . For surfaces with numerically trivial canonical 
class, his formulas reduce to quasi-modular forms. 

For concreteness, we expand the equations of the theorem to write: 

9-1 

E^w^- 1 = 3(E fc (E^ fcX 



n=0 \fc=l d\k 



9-2 



E^v^- 1 = E fc (E^ fc E fc2 (E^ 

n=0 \k=l d\k J \k=l d\k 

So for example, for small values of n and g, and N g , n are given in the 
following tables: 
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a,n 


n= 


n=l 


n=2 


n=3 


n=4 


n=5 


n=6 


n=7 


g=2 


1 


12 


36 


112 


150 


432 


392 


960 


g=3 


1 


18 


120 


500 


1620 


4116 


9920 


19440 


g=4 


1 


24 


240 


1464 


6594 


23808 


73008 


198480 


g=5 


1 


30 


396 


3220 


18960 


88452 


344960 


1169520 



Ng,n 


n= 


n=l 


n=2 


n=3 


n=4 


n=5 


n=6 


n=7 


g=2 


2 


12 


24 


56 


60 


144 


112 


240 


g=3 


3 


36 


180 


600 


1620 


3528 


7440 


12960 


g =4 


4 


72 


576 


2928 


11304 


35712 


97344 


238176 


g=5 


5 


120 


1320 


9200 


47400 


196560 


689920 


2126400 



Gromov-Witten invariants have been remarkably effective in answering many 
questions in enumerative geometry for certain varieties such as P n ; however, the 
ordinary Gromov-Witten invariants are not very effective for counting curves on 
most surfaces. One basic reason is that the moduli space of stable maps often fails 
to be a good model for a linear system (and the corresponding Severi varieties) for 
dimensional reasons. For an bundle L such that L — K is ample, the dimension of 
the Severi variety V g (L) (the closure of the set of geometric genus g curves in the 
complete linear system \L\) is 

dime V g (L) = -K -L + g-l+p g -q 

where K is the canonical class, p g = dim H° (X, K ) , and q — dim H 1 (X,0). On 
the other hand, the virtual dimension of the moduli space Mg^X) of stable maps 
of genus g in the class dual to c\{L) is 

virdimc M g x{X) = -K -L + g-l. 

The discrepancy p g — q arises from two sources. Since the image of maps in 
■Mg,L{X) are divisors not only in \L\ but also potentially in every linear sys- 
tem in Pic Cl(i) (X), one would expect dim M g ^L(X) to exceed dimV^(L) by q — 
dimPic Cl ^ L '(X) (we use Pic c (X) to denote the component of Pic(X) with Chern 
class c). We show that this discrepancy can be accou nted for within the framework 



of the usual Gromov-Witten invariants (see Theorem 2.1). 

However, even if we consider M. g ^L as a model for the parametrized Severi vari- 
eties 

V a {ci{L))= |J V g (L>), 

L'ePic c i (I ')(Jf) 

there is still a p g dimensional discrepancy (see also (s)). 

The reason is the following. The virtual dimension of M. g ^{X) is the dimension 
of the space of curves that persist as pseudo-holomorphic curves when we perturb 
the Kahler structure to a generic almost Kahler structure. The difference of p g in 
the dimensions of M 9j l and V g {c\{L)) means that only a codimension p g subspace 
of V g (ci(L)) persists as pseudo-holomorphic curves when we perturb the Kahler 
structure. One way to rectify this situation is to find a compact Pg-dimensionalQ 
family of almost Kahler structures that has the property that the only almost 



x By this we mean a real 2p g dimensional family. Note that the parameter space for the family 
need not have an almost complex structure. 
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Kahler structure in the family that supports pseudo-holomorphic curves in the 
class Ci(L) is the original Kahler structure. If T is such a family, then the moduli 
space Aig t L{X,T) of stable maps for the family T is a better model for the space 
V g {ci{L)) in the sense that its dimension is stable under generic perturbations of 
the family T^T 1 . 

It is straight-forward to extend the notion of the ordinary Gromov-Witten invari- 
ants to invariants for families of almost Kahler structures. The invariants will only 
depend on the deformation class of the underlying family of symplectic structures. 
Given the existence of a p g -dimensional family as described above, these invari- 
ants can be used to answer enumerative geometry questions for the corresponding 
surface and linear system. 

In general, it is not clear when such a family will exist; however, if X has a 
hyperkahler metric g (i.e. X is an Abelian or K3 surface), then there is a natural 
candidate for T, namely the hyperkahler family of Kahler structures. We call this 
family the twistor family associated to the metric g and we denote it T g . It is 
parameterized by a 2-sphere and so diniR, T g — 2 = 2p g as it should. Furthermore, 
the property that all the curves in A4 g .L(X,T g ) are holomorphic for the original 
complex structure can be proved with Hodge theory (of course this need no longer 
be the case for a perturbation of T g to a generic family of almost Kahler structures). 

We will define the numbers N g ^ s and N g ^ n as certain Gromov-Witten invariants 
for the twistor family T g associated to a hyperkahler metric on an Abelian surface 
X (see our previous paper Jl| for the K3 case). We show that the invariants only 
depend on g and n (not X or C) and they count each irreducible geometric genus 
g curve with positive integral multiplicity. Furthermore, the multiplicity is 1 if 
additionally the curve is nodal. There are additional Gromov-Witten invariants for 
the twistor family that we also compute. These invariants are easier to describe with 
the notation of the Gromov-Witten invariants so we will postpone the statement of 
the result until section^ (Defintion 3.2 and Theorem 4.1). The enumerative problem 
these additional invariants correspond to is counting curves that pass through g — 1 
points and lie in a certain one dimensional family of linear systems. 

Section || reviews Gromov-Witten invariants for families and formulates our re- 
sult that equates the subset of M. 9y L{X) consisting of maps whose image have fixed 
divisor class with a cycle more familiar in ordinary Gromov-Witten theory (see 
Theorem 2.1). In section || we discuss properties of the twistor family, define Ng LS 



and N g _ n , and prove they have the enumerative properties discussed above. In sec- 
tion ^ we compute the invariants to complete the proof of our main theorem and 
its generalization. We conclude with an appendix containing the proof of Theorem 
2.1 that was postponed in the main exposition. 

The authors would like to thank O. DeBarre, A Givental, L. Gottsche, K. Ked- 
laya, and C. Taubes for helpful discussions and correspondence. 



2. Gromov-Witten invariants for families 

We review Gromov-Witten invariants for families and we refer the reader to [|l] 
for details. 

Let X be any compact symplectic manifold with an almost Kahler structure. 
Recall that an n-marked, genus g stable map of degree C <E if 2 (X, Z) is a (pseudo)- 
holomorphic map / : E — » X from an n-marked nodal curve (E, x\,... ,x n ) of 
geometric genus g to X with /*([E]) = C that has no infinitesimal automorphisms. 
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Two stable maps / : E — > X and /' : E' — ► X are equivalent if there is a biholo- 
morphism h : E — > E' such that f = f ° h. We write .A4 9ini c(-^ > for the moduli 
space of equivalence classes of genus g>, n-marked, stable maps of degree C to X. 
We will often drop the cu or X from the notation if they are understood and we 
sometimes will drop the n from the notation when it is 0. If B is a family of almost 
Kahler structures, we denote parameterized version of the moduli space: 

M a ,n,C 

(X,B) = |J M g , n , c (X, 
teB 

If B is a compact, connected, oriented manifold then M g , n ,c(X, B) has a fidu- 
ciary cycle [M.g, n ,c(X, B)] mr called the virtual fundamental cycle (see jjj and the 
fundamental papers of Li and Tian [|J @] ) . The dimension of the cycle is 

dim n [Mg, n , C (X,B)] vir = 2c x {X){C) + (6 - dim R X)( 5 - 1) +2n + dim R B. 

The invariants are defined by evaluating cohomology classes of -M 9jra ,c on the 
virtual fundamental cycle. The cohomology classes are defined via incidence re- 
lations of the maps with cycles in X. The framework is as follows. There are 
maps 

Mg,l,C — ^ X 

ft 

Mg, C 

called the evaluation and forgetful maps defined by ev({f : (E,xi) — » X}) = f(x{) 
and ft({f : (E, x\) — > X}) = {/ : E — > The diagram should be regarded as 

the universal map over M g ,c- 

Given geometric cycles ai,... ,a; in X representing classes [ou],... , [a;] 6 
i?*(X, Z) with Poincare duals [ai] v , . . . , [a;] v , we can define the Gromov-Witten 
invariant 

$¥f\a 1 ,...,a l )= [ fUev*([a 1 } v )U---UfUev*([a l ] v ). 

J[M 9 ,C{X,B)]^ 

(X B) 

$g £ (an, ... , ai) counts the number of genus g, degree C maps which are pseudo- 
holomorphic with respect to some almost Kahler structure in B and such that the 
image of the map intersects each of the cycles a%, . . . , ai ^ The Gromov-Witten 
invariants are multi-linear in the a's and they are symmetric for a's of even degree 
and skew symmetric for a's of odd degree. If p\, . . . ,pk are points in a path- 
connected X, we will use the shorthand 

%,c (Pt- .ttfe+i,... ,ai) :=«g )C (Pi,--- ,Pk,otk+i,.-. ,ai). 

Now suppose that X is a Kahler surface. In order to count curves in a fixed 
linear system \L\ with c\(L) = [C] v one would like to restrict the above integral to 
the cycle defined by ^^(O) where ty-£ is the map 

:M g ,c(X,uj) ^Pic°(X) 



2 There is some subtlety to making this definition rigorous since forgetting the point may make 
a stable map unstable, but it can be done. 

3 The integral is defined to be if the integrand is not a class of the correct degree. 
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given by / i— > C(Im(/) — Eq) where Eo G \L\ is a fixed divisor. Dually, one can add 
the pullback by \I/e of the volume form on Pic°(X) to the integrand defining the 
invariant: 

*s ([pt-] V ) U fUev*([ ai ] v ) U ■ • • U jW([a,] v ). 

We show that ([pt.] v ) can be expressed in the usual Gromov-Witten frame- 
work. 

Theorem 2.1. Let X be a Kahler surface and let [7] 6 Hi(X,Z) and let 7 be 
the corresponding class in H 1 (Pic°(X), Z) induced by the identification Pic (A) = 
H i {X,^L)/H' s -{X,Z). Then 

Corollary 2.2. Let [71], . . . , [7^] &e an oriented integral basis for Hi(X; Z). TTien 
*£ ([pf.] v ) = /<*e W *([ 7 i] v ) U • • • U /^ei;*([7 6l ] v ). 



Proof: We defer the proof of Theorem 2.1 to the appendix. The corollary 
follows immediately. 

The upshot is that we count curves in a fixed linear system using the usual 
constraints from Gromov-Witten theory. Namely, the invariant: 

$3,0(71, • ■ ■ ,lb x ,a\,... ,ai) 

counts the number of genus g maps whose image lie in a fixed linear system \L\ 
with C\{L) = [C] v and hit the cycles ai, . . . ,a>i. 

3. The twistor family and the definition of N g>n and N^ s 

The discussion in this section is very similar to the corresponding discussion 
for A3 surfaces given in section 3 of We show that there is a unique family 
T (up to deformation) corresponding to the twistor family. We define N g ^ s and 
Ng : . n using a suitable set of Gromov-Witten invariants for the family T. We show 
that the invariants solve the enumerative problems we are interested in. We use 
this framework to prove that the invariants and N g ^ n are universal numbers 

independent of the choice of the Abelian surface X and the linear system \L\. 

Let (X, ui) be an Abelian surface and let g be the unique hyperkahler metric 
given by Yau's theorem |J . Define T g to be the family of Kahler structures given 
by the unit sphere in 7i+ , the space of self-dual, harmonic 2-forms. 

Proposition 3.1. For any two hyperkahler metrics g and g' , the corresponding 
twistor families T g and T g > are deformation equivalent. There is therefore a well- 
defined deformation class which we denote by T. 

Proof: The moduli space of complex structures on the 4-torus is connected 
and the space of hyperkahler structures for a fixed complex torus is contractible 
(it is the Kahler cone). Therefore the space parametrizing hyperkahler 4-tori is 
connected (in fact it is just the space of flat metrics). We can thus find a path 
of hyperkahler metrics connecting g to g' and by associating the twistor family to 
each metric, we obtain a continuous deformation of T g to T g >. □ 

An important observation concerning the twistor family is the following corollary. 

Corollary 3.2. Let f : X — > X be an orientation preserving diffeomorphism, then 
f*{T) is deformation equivalent to T . 
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Proof: Let T g be the twistor family for a hyperkahler metric g. Then f*{T g ) = 
Tt*r g \ where /*(<?) is the pullback metric which is also hyperkahler. □ 

The corollary has the consequence that for any orientation preserving diffcomor- 
phism / the Gromov-Witten invariants for the twistor family satisfy 

(«!'■■■ > a i) = $ ^/T(c)(/* ai ' ■ ■ ■ >/* a 0- 

There is an orientation diffeomorphism of the 4-torus for every element of Sl^Z) 
given by the descent of the linear action on the universal cover R. 4 . It follows from 
the elementary divisor theorem that for any two classes C and C in H2 (X, Z) 
with the same divisibility and square there is a linear diffeomorphism / such that 
/*(C) = C (|| pg. 47). This means that there is a lot of symmetry among the 
Gromov-Witten invariants for the twistor family so that (for primitive classes) they 
can be encompassed by N g ^ n and Ng ^ s and the other invariants which we define 
below. 

Definition 3.3. Let 71,... ,74 be loops in X representing an oriented basis for 
H\(X, Z) and let C S H2(X, Z) be a primitive class with C ■ C = 2g — 2 + 2n. We 
define: 

N 9 ,n = <S> ( g X C T) ( P t 9 ) 

Kn S = $S T) (7i,72,73,74,i>i. s - 2 )- 
Now let C = [71] A [72] + (n + g - l)[7s] A [74] and define^ 

N£ n = $ g xf\ 7i , 7j ,pt.<>- 1 ) 

for i < j. 

The invariants N g:Tl , N g ^ s , and N l J n encompass all possible Gromov-Witten 
invariants for the twistor family and primitive homology classes. Since X has 
real dimension four, the only non-trivial constraints come from the point class 
and Hi(X;Z). Since the point class is invariant under orientation preserving dif- 
feomorphisms, & g c (pt- 5 ) only depends on the square (and divisibility) of C. 
Similarly, since $ is skew-symmetric in the classes 7,, the only possibility with 
four 7-constraints are the invariants ^ g X (j T \"fi, 72,73, 74, pt. 9 ~ 2 ) which also only 
depends on the square (and divisibility) of C . ^] 

For dimensional reasons, the invariants with one or three 7's are zero. The 
invariants N g J n encompass the remaining invariants since for any primitive C with 
C 2 = 2g — 2 + 2n we can first move C to [71] A [72] + (n + g — l)[j3] A [74] by an 
orientation preserving diffeomorphism. 

4 Here we use the fact that on any torus there is a natural identification 

A 2 H 1 {X;Z) S H 2 (X,Z). 

5 This invariant only depends on the square and divisibility of C since for any orientation 
preserving diffeomorphism / we have: 

*^ r) (71,...,74,pt.»- a ) = *^7o)(/*-W'-- ,/*74, P t. 9 " 2 ) 

= det(/» : ffj Hi^Xff^i-n,. . . ,74,pt. 9 - 2 ) 
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We now wish to show that N g>n , Ng ^ s , and i\™ ra enumerate holomorphic curves 
as we want. 

Lemma 3.4. Suppose that X is an Abelian surface with a hyperkahler metric g 
and suppose that C C X is a holomorphic curve. Then the only Kahler structure in 
T g that has a holomorphic curve in the class [C] E H2(X; Z) is the original Kahler 
structure for which C is holomorphic. 

Proof: A necessary condition for the class [C] to contain holomorphic curves 
is that [C] v E H 11 (X, R) and [C] pairs positively with the Kahler form. Since 
the class orthogonal to . are always of type (1,1) we just need to see when the 
projection of [C] v to T~l+ g is type (1, 1). 

We may assume [C] 2 is non- negative since X has no rational curves and so the 
projection of [C] v onto TL 2 ^ g is non- zero. By definition, the complex structure 
associated to a form to E T g c TL\ g defines the orthogonal splitting TL\ = 
wR© (7J 2 '° © H°' 2 ) R . Therefore, the only uj E T g for which [C] v is type (1, 1)' and 
pairs positively with u> is when u is a positive multiple of the projection of [C] v to 
a < This is unique and so must be the original Kahler structure for which C C X 
is holomorphic. □ 

In general, Gromov-Witten type invariants may give a different count from the 
corresponding enumerative problem because Gromov-Witten invariants count maps 
instead of curves and the image of a map may have geometric genus smaller than 
its domain. We show that in the case at hand this does not happen. 

Lemma 3.5. Suppose X is generic among those Abelian surfaces admitting a curve 
in the class ofC. Then the invariants N g ^ n , Ng^ s , and N g ^ n count only maps whose 
image has geometric genus g and they are counted with positive integral multiplicity. 

PROOF: The assumption guarantees that C generates Pic(X)/ Pic°(X) so that 
all the curves in the class [C] are reduced and irreducible. Then a dimension count 
shows that maps with contracting components of genus one or greater are not 
counted. The details are the same as in the proof of Theorem 3.5 in □ 

We summarize the results of this section in the following theorem. 

Theorem 3.6. Let C C X be a holomorphic curve C in an Abelians surface X 
with C 2 — 2g — 2 + 2n. Then the invariants Ng, n , Ng ^ s , and N l g ^ n defined in 



Definition 3.8 count the number of genus g curves in the class [C] that: 

1. pass through g generic points (N g>n ); 

2. pass through g — 2 generic points and are confined to the linear system |C| 

3. pass though g — 1 generic points and are confined to lie in a certain 1- 
dimensional family of linear systems determined by ij E {12, 13, 14, 23, 24, 34} 
(N%). 

Furthermore, the invariants do not depend on the particular Abelian surface X or 
the curve C and the invariants count all irreducible, reduced curves with positive 
multiplicity that is one for nodal curves. 

4. Computing the invariants 

In this section, we compute the invariants N g , n , N g £ s and N% n by using a 
particular choice for X and C. Namely, we will choose X to be a product of 
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elliptic curves and C to be a section together with a multiple of the fiber. The 
computations give our main theorem as well as the generalization to the A™„ case. 
For convienence we state the results below: 



Theorem 4.1. The invariants Ng >n , N^ s and N l J n (defined in Definiton 3.5) 
are given by the following generating functions: 

oo 

(1) ^TiW+s- 1 = giDG,) 9 - 1 

n=0 



2 



(2) S-N£nV +ff_1 = (DG 2 ) 9 - 2 D 2 G : 

71=0 

= (g-l)- 1 D((DG 2 y- 1 ) 

OO 

(3) Y. N lll n+3 ' 1 = D({DG 2 y- x ) 

oo 

(4) TN^"- 1 = (DGif- 1 



OO 

£ 

n=0 

oo 



(5) EOf 4 * -1 

n=0 



n=0 



E^n^" 1 



n=0 

where D^q^ and G 2 = + Efci(Ed|fe 



From Theorem B.6 we are free to compute the invariants for any choice of X 
and C. Let X be the product of two generic elliptic curves S x F and let C 
be the primitive homology class S + (g + n — 1) F 6 i?2 (X, Z). We write X = 
S 1 x S 1 ' x S 1 x S 1 by choosing a diffeomorphism between S 1 x S 11 with S and also 
one between S 1 x S 1 with . Next we choose representatives for the loops and 
points on X. We consider following four loops generating Hi (X, Z) : 



7i 


S 1 - 




7i 


> e it\ 




V'A 


ci,di) 


72 


S 1 - 


+ x, 


72 


>grt 




a 2 ,e Jt 


, c 2 , rf 2 ] 


73 


S 1 - 


+ x, 


73 


>git 




, a 3, &3, 




74 


S 1 - 


+ x, 


74 






a4, 64, 


C4,e 1 *) 



where the Oj's, 6,'s, c,-'s, and dj's are distinct points on S 1 . We also choose g generic 
points pi = (si, /1) , ...jPg = (s g , f g ) on X = S X F. For any f £ F and s £ S we 
call Sf — S x {/} c X a section curve and = {s} x F a fiber curve of X. 
Proof of Equation |l|: 

We suppose that <f> : D — ► X is a stable map from a genus <? curve £> with 
g marked points to X representing the class C = S + (g + n — 1) F and sending 
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corresponding marked points to the pi's. First we observe that the image of (f> 
consists of one section curve and some fiber curves. This is because the projection 
of any irreducible component of lm(0) to S is of degree zero except for one which 
has degree one. On the other hand, the projection of the degree one component 
to F must have degree zero because there is no nontrivial morphism between two 
generic elliptic curves S and F. Therefore Im(^>) consists of a single section curve 
and a number of fibers. 

In order for </> to pass through the g generic points p\ , . . . , p g on X, we need 
at least (g — 1) fiber curves in the image of (f>. On the other hand the geometric 
genus of D is g and covering each section or fiber curve will take up at least one 
genus of D. Therefore Im((f>) consists of exactly g — 1 fiber curves (possibly with 
multiplicity) and one section curve. 

In fact, D has to have precisely g irreducible components Di, . . . , D g and each 
component is a genus one curve and contains one marked point. The restriction of 
<p to each Di is either (i) a covering of some fiber curve containing one of the p^s 
or (ii) an isomorphism to a section curve containing one of the p^s. 

We can assume that <j> restricted to D g is an isomorphism onto one of the section 
curves containing some pi = [s%, ft) . There are g choices of such p^s. Without loss 
of generality we assume (f>(D g ) contains p g or equivalently (f>(D g ) — Sf . In this 
case the marked point on D g must be the unique point (fr x (p g ). 

For i < g, we label the component of D covering F Si as Di. Then <j> : Di — > F Si is 
an unbranched cover by the Hurwitz theorem because both Di and F Si are genus one 
curves. We denote ki = deg ((f> : Di — > F Si ) > then we have Y2i=i ki = g + n — 1 
since <fi represents the homology class of S + (g + n — 1) F. The number of elliptic 
curves that admit a degree k homomorphism to a fixed elliptic curve is classically 
known to be ^2^(1. We fix the origin of the elliptic curve Di (and F Si ) to be 
its intersection point with D g (and Sf respectively), so that ip : Di — > F Si is 
a homomorphism and thus the number of choices of ((f) : Di — * F Si ) is given by 
J^jifc. d. Since the marked point on Di could be any one of the ki points in (f>~ x (pi), 
there are a total of fcj J2d\k- d choices for each marked curve Di. 

We denote the (g — l)-tuple ki, . . . , k g -i by k and we write |k| for J^. ki. From 
the preceding discussion, the number of stable maps <p of geometric genus g and g 
marked points to X in the class of S + (g + n — 1) F is given by 



It is not difficult to see that each such stable map <f> contributes one to the family 
Gromov-Witten invariant (c.f. O). The formula is then proved by summing over 
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q n+g-l 



n and rearranging: 

oo oo I g— 1 

E^w^ 1 = EU E n^(E d 

n=0 n=0 y |k|=n+g-l *=1 \d|fc 4 

oo / 9-1 / 

= *E E n *e* 

n=0 V|k|=n+9-l i=l V d|fc 4 
9-1 

ffiE^E^ 1 

\fe=l 

= g(DG 2 y-\ 

□ 

Proof of Equations |, [|, and || 

For these computations we count the number of stable maps <j) : D — » X of genus 
<? with <?+ 1 marked points that represent the homology class C = S+(g + n — 1) F. 
The maps are constrained by requiring that the first g—1 marked points are mapped 
to the points pi,. ■ ■ ,Pg-i and the image of the remaining two points must lie on 
7i and jj respectively. We argue as before that D has g irreducible components 
Z?i, ...jDg where each Di is a genus one curve and it contains one marked point 
except D g which contains two marked points. Moreover, the image of the two 
marked points on D g must lie on the two loops 7^ and jj. It is easy to check that 
when the points p^, a^, . . . , 4$ are in general positions, then no single section or fiber 
curve can pass through both one of the loops 7$ and one of the points pi. We can 
also verify directly the following lemma. 

Lemma 4.2. No fiber or section curve can pass through two different 7,'s unless 
they are (71,72) or (73,74)- 

No section curve can pass through both 71 and 72. The only fiber curve passing 
through 71 and 72 is Fn — F(a 2 ,bi)- Moreover, Fn H 71 = {0,2, 61, ci, d\) and 
F12 IH72 = (a 2l bi,c 2l d 2 ) . 

Similarly, no fiber curve can pass through both 73 and 74. The only section curve 
passing through 73 and 74 is ^34 = St CA! d 3 )- Moreover, S34 R 73 = (0,3,63,04,0^3) 
and S34 fl 74 = (0.4, 64, C4, cfa). 

From the lemma the moduli space of stable maps is empty in all cases except 
(li)lj) — (71,72) OT (73,74) up t° permutations. Therefore the corresponding 
family Gromov-Witten invariants vanish (proving Equation ^|) 

N 13 = N 14 = N 23 = N' M = 

g,n g,n g,n g,n w 

Next we compute N 34 n . Let <j) be any stable map in the corresponding moduli 
space, we have (j> (D g ) = S34 by the above lemma. Moreover the restriction of 
4> to D g is an isomorphism and <f> must send the two marked points on D g to 
(03, 63, C4, dz) and (04, 64, C4, dz) . It is not difficult to check that the orientation of 
the moduli space is compatible with the one induced from (73, 74) . The calculation 
for the contribution from the other ZVs are identical with the earlier computation 
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and we obtain 

9-1 



OO 

E Kn^ 3 - 1 = I E k E rf ? fc ] = t^)*- 1 

n=0 \fe=l d|fe / 

thus proving Equation || 

Now we compute N g 2 n . From the lemma again we have 4>(D g ) = F 12 for any 
stable map <f> in the corresponding moduli space. Let us denote the degree of <f> 
restricted to D g by fco- Then the number of possible (tp : D g — ► F12) is given by 
Sd|fc ^ as before. The image of the two marked points on D g are [Qi2,b\,c\,d\) 
and (02, 61, C2, tfe) ■ Since (/> is an unbranched covering map, there are ko choices for 
the location of each marked point. There are then a total of &oSd|fc ^ different 
choices associated the component D g . 

There are g — 1 choices for which curve D\,... , D g -\ is mapped to a section. 
After making such a choice we may assume without loss of generality that D g -\ is 
mapped to the section curve passing through p g -i (since we can relabel the points). 
Then since <fi is an isomorphism on D g -i, the location of the marked point on it is 
determined. The analysis for the other fibers is the same as before and the issue of 
the orientation is the same as above. In conclusion we have 

Kn = i9-i) e KE rf n^E d 

k:|k|=n+ff-l V d\k i=l d\k t 

where the summation is over (g — l)-tuples k = {fco, . . . , k g -2} with ki > and 
|k| = J2i=o ki = g + n — 1. Summing over n, we prove Equation ^: 




9-2 



E O 1 *'- 1 = (9 - 1) E fc2 E E k E d * k 

n=0 \k=l d\k I \k=l d\k 

= (g-l)(D 2 G 2 
= D((DG 2 

□ 

Proof of Equation H 

Suppose that <f> '■ D — > X is a stable map of genus <? with 5 + 2 marked points 
and represents the homology class C = S + (g + n — 1) F. We argue as before 
that D has g irreducible components D\, D g . The curves D\, . . . ,D g - 2 each 
have one marked point mapping to pi,... ,Pg-2 respectively. The curves D g -\ 
and D g contain the remaining four marked points which must lie on the four loops 
71, ...,74. The image of each Di must either be a section curve or a fiber curve. By 
the previous lemma the only fiber curve that intersects two Tj's must be F\ 2 and 
it intersects 71 and 72 at (02, &i, C\, d\) and (02,61,02,^2) respectively. Similarly, 
the only section that intersects two 7's is 634 and it must intersect 73 and 74 at 
(03,63,04,(^3) and (04,64,04,^3) respectively. Hence the image of D g -i and D g 
must be F\ 2 and S34 respectively. For i < g — 2, we have <j>(Di) — F Si . Let the 
degree of 4> on Di be fcj where 1 <«<<?— 1 . Then ^ fc, = g + n. — 1 . The number of 
choices of (cf> : Di — > F Si ) is again given by Yld\ki ^' ^ or * < ®~ •"■ ^ nere are ^ choices 
of the location of the marked point on D.;. For i = g — 1, there are two marked 
points on D s -i and each has k g -\ possible locations. Again it is not difficult to 
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check that such maps each contribute +1 to the family Gromov-Witten invariants. 
In conclusion we have 

N FLS = 




and so summing over n we have 



3-2 



n=0 \fc=l d\k J \k=l d\k 

= (DGi) 9 - 1 (D 2 G 2 ) 
proving Equation ||. □ 



Appendix A. Proof of Theorem 2.1 



First we determine a more explicit formulation of the map 

*s : M g , c - Pic°(X) - if^X, R)/^ 1 ^, Z). 

Throughout this section we will abuse notation and refer to a stable map / : E — ► X 
by its image so that when we say E G A^ 9j c we mean the curve E C X given by 
the image of the map / : E — ► X . By definition, ^£ (E) = C(E — E ). We wish to 
get a 1-form representative for C(E — Eo). First, choose a C°° trivialization of the 
bundle C(E — E ). Let Sq and s be defining sections of O(E ) and 0(E). Then via 
the trivialization, h — sq/s is a non- vanishing C°° function on X° = X — {E U E}. 
Define an integrable real 1-form by 

1 (dh dh 
ah ~ 2m [T ~ T 

The form ah defines a real 1-current and let a^ be the 1-form representing the 
harmonic projection of a^. We wish to define a map to H 1 (X,Tl)/H 1 (X, Z) using 
a^. Q and we need the following lemma: 

Lemma A.l. The harmonic 1-form a\ Q is independent of the choices ofso, s, and 
the trivialization up to translation by an integral harmonic 1-form. 

Proof: Let h' — s' /s' be defined using a possibly different trivialization. Then 
h' = gh for some C°° map g : X — > C* and so 

1 (dg % N 



ah ~ aw = „ . , 

2m \ g g 

is a smooth 1-form. We need to show that the harmonic projection of a g is integral. 
Write g = e t 9 where t : X — > R and 8 : X ^ S 1 C C are C°°. A direct computation 
shows that 

a„ = <ft + — -1 <f0 = d*(tuj) + —e^de 

2m 2m 
where the last equality uses the Kahler identities and so we see that the harmonic 
projection of a g is the integral class ■^9~ 1 d9. □ 
The lemma shows that 

E h-> a So 



14 



Curves on Abclian surfaces 



determines a well-defined map 

M g>c ^ H 1 {X,B)/H\X,Z). 

This is the same map as ^t, since 

1. if E is linearly equivalent to E then a^ g = and 

2. the sum of divisors corresponds to the sum of forms, i.e. a^s^ = a s + a i ' 
The first property holds since if E ~ So then h can be chosen to be a meromorphic 
function and so a/, e 0. The second property follows from ahw — o-h + a-h' '■ 



To prove Theorem we need to show that \E> J, (7) = ft*ev*([y] v ). Recall that 7 
is a loop in X, [7] v is the Poincare dual of the 1-cycle [7], and 7 £ ff 1 (Pic°(X), Z) 
is the natural class associated to [7] arising from the identification Pic°(X) = 
F 1 (X,R)/.ff 1 (X,Z). 

We use the general correspondence between elements of H 1 (M, Z) and homotopy 
classes of maps M — > S 1 . One can get a circle valued function on M from a class 
4> € H (M ; Z) by choosing a base point xo € M and defining : M — > R/Z by 

/^(x) = / mod Z 

XQ 

where riji is a path from xo to x. Since <f> is an integral class, does not depend 
on the choice of the path (mod Z). 

Using E as the base point for M g ,c, the class ft*ev*([f] v ) 6 H 1 (M g ,CiZ) is 
given by the S^-valued map 



E h-> / /i*ei;*([7] v ) mod Z 

= / [ 7 ] v mod Z 

./e„(/t-i(rg o )) 

= / [ 7 ] v mod Z 



where W 7 !? is the 3-chain in X swept out by the curves in the path r§ ■ Note that 
dWS = E — E and that the map 

Ei — > I [ 7 ] v mod Z 
Jw 

is the same for any 3-chain W such that dW = Eo — E (since the difference W^ Q — W 
is a 3-cycle and [7] v is an integral class). 

On the other hand, the class 7 6 77 1 (Pic°, Z) is by definition given by the S 1 - 
valued function on Pic defined by 



[a] >-> / a A [7] v mod Z 



where a £ 1 (X, R) and [a] is the corresponding equivalence class in 

H\X, RVff^Z). 
The class <J>|» (7) is therefore represented by the S^-valued function 

Ei — > a| A [7] v mod Z 
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and to prove theorem 2.1 then we need to show that 



/ «l A W V = / hV mod Z. 



Recall that afj o is the harmonic projection of ah- Let £ be the harmonic represen- 
tative for [7] v . Then 



»E A W = / a h A C 



so we need to show that 



(6) / -L(^-2VC= / C modZ. 

27TZ V ^ h J ^ Jw* 



^0 

J,, 



Recall that h is a C*-valued function on X° = X — {Eo U £} and so writing /i = e t 8 
for smooth functions t : X° — > R and : X° — > S" 1 we can rewrite the left hand 
side of Equation ^ as 

LHS= [ d*(t(j)A( + [ -J—8~ 1 d6 A (. 
Jx° Jx- 2m 

We can do the first of these integrals by first integrating along the fibers of t : X° — > 
R: 

t*(d*{tuj) A C) = -t»(*d(*(*w))AC) 
= t*(d(tu>) A *C) 
= t*(dtAwA*G) 
= dtAt*(wA<) 

but t*(a; A *£) = because w A *C is a closed form defined on all of X and i _1 (pt.) 
is a boundary 3-chain in X. 

We perform the remaining integral by integrating first along the fibers of 6 : 
X° — » 5 1 . Since -^6 dQ = 6* (dvolgi), we can write the remaining integral as 

/ 9* (dvolgi) AC = / 0*(Odvol s i. 
Jx° Js 1 

Now 0*(C) = /e-i( c ) C is independent of c (mod Z) since _1 (c) is a 3-chain in X 
with boundary £n — S and so (mod Z) we have 



LHS of Eqn | = (JcjJ dv ol S i 



c 

= RHS of Eqn § 

which proves the theorem. □ 
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